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Abstract

This study is concerned with stresses around a pin!loaded hole in symmetrically stacked composite
laminates of _nite size using a two!dimensional direct boundary element method[ E}ects of friction and
clearance between the pin and hole edge on the stresses are accounted for[ Also geometric compatibility and
force constraint between the pin and the plate are enforced[ A new relation for geometric compatibility is
proposed[ Stress distributions and the contact angle with slip and no!slip regions around the pin!loaded hole
corresponding to various parameters are investigated[ Some interesting results are obtained[ The present
method is e}ective and simple to use which can be implemented with a personal computer[ Þ 0887 Elsevier
Science Ltd[ All rights reserved[
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Nomenclature

E00 Young|s modules in the longitudinal direction
E11 Young|s modules in the transverse direction
G01 shear modules
n01 Poisson|s ratio
t surface traction
u displacement
D hole diameter
R hole radius
a pin radius
H thickness of the plate
W width of the plate
L length of the plate

� Corresponding author[ Fax ] 77531762917 ^ e!mail ] cclinÝamath[nchu[edu[tw[



C[!C[ Lin\ C[!H[ Lin : International Journal of Solids and Structures 25 "0888# 652Ð672653

d0 edge distance between the hole center and the plate edge
Aij sti}ness constants
Fij Green|s function for traction
Hij Green|s function for displacement
m coe.cient of static friction
e clearance between the hole and the pin
d pin displacement
f polar angle with respect to the hole center
c polar angle with respect to the pin center
a one half of the total angle of contact
b one half of the contact angle of no!slip regions
ux\ uy displacement components of the hole!edge
tx\ ty traction components of the hole!edge
ur radial displacement of the hole!edge
sr\ trf radial stresses of the hole!edge

0[ Introduction

Increasing applications of composite materials in aircraft structures have motivated the inves!
tigation[ The determination of the contact angle and stress distribution at the contact surface of
pin!loaded composite laminate has been an important and challenging task for researchers[ Limited
work in this area is available in the open literature\ and the authors are not aware of any existing
closed form solutions for this problem concerning orthotropic plates[ However\ there are studies
for stress and strength analyses for pin!loaded orthotropic plates using various numerical methods[
Many authors assumed that the contact pressure at the boundary of the loaded hole varies as a
cosine function and the pin is frictionless[ Under these assumptions\ Jong "0866#\ Zhang and Ueng
"0873# used complex stress functions to obtain analytical solutions ^ Eshwar "0867#\ Ghosh and
Rao "0870# considered clearance _t pin ^ Mangalgiri et al[ "0876# analyzed the problem using an
inverse technique[ All of these analytical solutions considered the plate to be of in_nite size[ By
_nite element method for _nite sized plates\ Wong and Matthews "0870# studied bolted joints in a
_ber reinforced plate\ Chang et al[ "0872\ 0873a\ b\ 0875# studied the strength and failure mode of
mechanically fastened _ber reinforced composite plates containing one! or two!loaded pins ^
Tsujimoto and Wilson "0875# made an elasto!plastic analysis of a pin!loaded composite laminate[
Blackie and Chutima "0885# studied the stress distribution in pin connected composite laminate
with multiple number of fasteners[ Using a boundary element method\ Mahajerin and Sikarskin
"0875# analyzed the composite structures\ principally for loaded hole in mechanically fastened
composites[ Lin and Lin "0882# investigated stress distribution in the plate and the strength of
bolted joints of orthotropic plates under uniform inplane loading[ Since\ none of these studies
addressed the pin!hole interaction as the pressure at the contact surface is pre!assumed to vary as
a cosine function\ their models are approximate[

There are studies accounting for the interaction between the pin and the hole[ Hyer and Klang
"0874#\ Hyer et al[ "0876# gave an analytical solution to the problem of pin!loaded composite
laminate in in_nite size using a complex Fourier series in conjunction with boundary collocations
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along the surface of contact between the pin and the hole edge[ By _nite element methods\ Agarwal
"0879# analyzed the stress distribution around the fastener hole and various modes of laminate
failure ^ Rahman "0873# established regions of slip and no!slip along the surface of contact ^ an
inverse formulation was used by Naik and Crews "0875# by maintaining displacement along the
bolt!hole contact arc ^ Yogeswaren and Reddy "0877# determined the contact stresses and region
for orthotropic plates by using a Lagrange multiplier method ^ Rahman and Rowlands "0882#
considered a double!bolted mechanical joint of _nite orthotropic laminate with the bolts in series
in the direction of loading[ Experimentally\ Waszczak and Cruse "0860# investigated failure mode
and strength of anisotropic bolt bearing specimens ^ Quinn and Matthews "0866# also measured
the pin!bearing strength to investigate the e}ect of stacking sequence ^ Pyner and Matthews "0868#
made comparisons of single and multi!hole bolted joint in glass _ber reinforced plastics ^ Tsai and
Morton "0889# made a stress and failure analysis of a pin!loaded composite plate using contact
stresses determined from experimentally measured displacements in conjunction with a _nite
element method ^ and Copper and Turvey "0884# investigated single bolt tension joints in pultruded
GRP sheets[

The present study concerns with stress distribution and contact angle around a pin!loaded hole
in composite laminates of _nite size[ Di}erent from literature mentioned above\ a direct boundary
element method based on the fundamental solution given in Rizzo and Shippy "0869# and inter!
acting equations of geometric compatibility as well as force constraint in contact region are used
in the present analysis[ E}ects of applied load or pin displacement\ hole size and clearance between
the pin and hole edge on the contact angle consisting of slip and no!slip regions and the stresses in
the contact region are investigated[

1[ Stress analysis

1[0[ Statement of the contact problem

The geometry and coordinate system for a _nite pin!loaded plate considered in this study are
shown in Fig[ 0\ where the origin of coordinate system is placed at the hole center O of plate before
deformation[ When a load P from the pin is gradually applied to the plate\ the pin will _rst contact
the hole!edge at one point "f � 9#\ then the contact will gradually spread over some region to a
contact angle 1a causing the pin displacement d due to plate deformation[ In the present study\ a
clearance between the pin size of radius a and hole size of radius R and a rigid pin are considered[
As a result\ the center and radius of curvature of contact hole!edge after deformation will be
di}erent from those before deformation as shown in Fig[ 0"b# and "c#\ where\ for example\ the
points Ah\ Bh on the hole edge and Ap\ Bp\ Op on the pin will move to A?h\ B?h\ A?p\ B?p\ and O?p after
deformation with A?h � A?p and B?h � B?p being the points at the ends of slip contact region[
Therefore\ we propose the relation Rf � ac to identify the corresponding points of hole!edge
before and after deformation with _rm contact with the pin\ where f is the polar angle with respect
to the hole center before deformation and c is the polar angle with respect to the pin center after
deformation as shown in Fig[ 0"b# and "c#[ This is di}erent from the assumption c � f used by
Hyer and Klang "0874#[ The present assumption appears to be more reasonable\ though the
di}erence at _nal results would not be appreciable as the clearance and deformation are very small[
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"a#

Fig[ 0[ Geometry and coordinate system for pin!loaded laminated[

The contact region is divided into two types of contact surfaces\ slip region "b ¾ f ³ a and
−a ³ f ¾ −b# and no!slip region "−b ³ f ³ b#\ and the total angle 1a of contact region are
described in Fig[ 0"c#[ Compatibility in displacement must be satis_ed on the no!slip contact
surface "−b ³ f ³ b# by the relations

R cos f¦ux � a cos 0
R
a

f1¦"e¦d# "−b ³ f ³ b# "0a#
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R sin f¦uy � a sin 0
R
a

f1 "−b ³ f ³ b# "0b#

where ux and uy are displacements of the hole!edge in the x and y!directions\ respectively ^ e is the
clearance between the hole!edge and the pin before deformation[ In the slip region "b ¾ f ³ a#
and "−a ³ f ¾ −b#\ the geometric compatibility in radial direction of contact hole edge and
force condition requiring that the friction force along the edge circumference is equal to the normal
force multiplied by the friction coe.cient between the pin and hole edge must be satis_ed[ The
geometric compatibility is

ur � ux cos f¦uy sin f

� $e¦d¦a cos 0
R
a

f1% cos f¦a sin 0
R
a

f1 sin f

−R "−a ³ f ¾ −b and b ¾ f ³ a# "1a#

and the force condition is

=trf = � m=sr = "−a ³ f ¾ −b and b ¾ f ³ a# "1b#

where ur is the radial displacement of hole!edge\ and m is the coe.cient of static friction between
the pin and hole edge[ And\ of course\ the stresses sr and trf are zero along the non!contact hole!
edge "a ¾ f ¾ 1p−a#[

1[1[ Direct boundary element method "BEM#

The direct BEM is formulated by the reciprocal work theorem[ The theorem states that ] if two
distinct equilibrium states "f�i \ t�i \ u�i # and "fi\ ti\ ui# exist in a region V bounded by the surface S\
then the work done by the forces of the _rst state "�# on the displacements of the second state " #
is equal to the work done by the forces of the second state on the displacements of the _rst state[
Thus\ according to Banerjee and Butter_eld "0870#\ it can be represented by the following equation ]

gS

t�i "x#ui"x# ds"x#¦gV

f�i "z#ui"z# dV"z# � gS

ti"x#u�i "x# ds"x#¦gV

fi"z#u�i "z# dV"z# "2#

where x is a point on S\ and z is a point in V[ If ui\ ti and fi are chosen as the actual state of
displacements\ traction\ and body forces\ respectively\ then "�# is the state corresponding to a unit
force e�"j# applied at j in an elastic body\ and

t�i "x# � Fij"x\ j#e�j"j#

u�i "x# � Hij"x\ j#e�j"j# "3#

where Fij and Hij are Green|s functions for traction and displacements\ respectively\ at a point x
in the i direction due to a unit force applied at point j in the j direction[ With the following
manipulation by replacing f�i "z# by e�i "z# in the second term on the left hand side of eqn "2# ]
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gV

e�i "z#ui"z# dV"z# � gV

e�i "j#d"z\ j#ui"z# dV"z# � gV

e�j"j#dijd"z\ j#ui"z# dV"z# "4#

where dij is the Kronecker|s delta\ and d"z\ j# is the kernel function\ eqn "2# becomes

gS

Fij"x\ j#ui"x# ds"x#¦gV

dijd"z\ j#ui"z# dV"z#

� gS

ti"x#Hij"x\ j# ds"x#¦gV

fi"z#Hij"z\ j# dV"z# "5#

It should be noted that the common term e�j"j# in each integral in eqn "5# has been dropped[ Using
the fact

gV

dijd"z\ j#ui"z# dV"z# � gV

uj"z#d"z\ j# dV"z# � kuj"j# "6#

in which the value of k equals one when point j is in V\ 0:1 when j lies on S\ and zero when j is
outside of S[ Thus\ we can rewrite eqn "5# in the form

kuj"j# � gS

ðti"x#Hij"x\ j#−Fij"x\ j#ui"x#Ł ds"x#¦gV

fi"z#Hij"z\ j# dV"z# "7#

Since no body force is considered in this study\ hence

kuj"j# � gS

ðti"x#Hij"x\ j#−Fij"x\ j#ui"x#Ł ds"x# "8#

which is the basis of integral formulations for the boundary element method used in the study[

1[2[ Fundamental solution

A symmetrically stacked laminated plate consisting of N orthotropic laminae subjected to in!
plane loads as shown in Fig[ 0"a# is considered[ The relationship between the in!plane stress
resultants and the strain components based on the classical lamination theory is

8
Nx

Ny

Nxy
9� &

A00 A01 A05

A01 A11 A15

A05 A15 A55
' 8

ux\x

uy\y

ux\y¦uy\x
9 "09#

where

Aij � s
N

k�0

QÞ "k#
ij hk

in which QÞ "k#
ij are the reduced sti}nesses\ and hk is the thickness of the k!th layer[
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If A05 and A15 are zero\ eqn "09# reduces to

8
Nx

Ny

Nxy
9� &

A00 A01 9

A01 A11 9

9 9 A55
' 8

ux\x

uy\y

ux\y¦uy\x
9 "00#

which is the constitutive equation of the plane elasticity problem for a speci_cally orthotropic
laminate[

The e}ective engineering properties for balanced and symmetric laminates are determined from
the sti}ness constants Aij\ such that the e}ective longitudinal Young|s modules becomes
E00 �"A00A11−A1

01#:A11\ the transverse Young|s modules E11 �"A00A11−A1
01#:A00\ the longi!

tudinal Poisson|s ratio n01 � A01:A11\ and the shear modules G01 � A55[
The Hooke|s law for plane stress state for orthotropic plates takes the form

ux\x � S00sx¦S01sy^ uy\y � S01sx¦S11sy^ ux\y¦uy\x � S55sxy

in which

S00 �
0

E00

^ S11 �
0

E11

^ S01 �
−n01

E00

�
−n10

E11

^ S55 �
0

G01

"01#

The compliance Sij\ the stresses sij\ and the displacement gradients ui\j are taken as mean values
through the thickness of the laminate[

According to Rizzo and Shippy "0869#\ various quantities Fij and Hij are taken as follows ]

H00 � Ka"zr0AÞ
1
1 ln r¹0−zr0AÞ

1
0 ln r¹1#

H01 � H10 � −KaAÞ0AÞ1"u¹0−u¹1#

H11 � −Ka 0
0

zr0

AÞ1
0 ln r¹0−

0

zr1

AÞ1
1 ln r¹11 "02#

F00 � Ka 0
AÞ0

zr1r
1
1

−
AÞ1

zr0r
1
0
1"x0n0¦x1n1#

F01 � Ka 0M0

AÞ1

r¹1
0

−M1

AÞ0

r¹1
1 1

F10 � Ka 0M0

AÞ0

r0r¹
1
0

−M1

AÞ1

r1r¹
1
11

F11 � Ka 0
AÞ0

zr0r¹
1
0

−
AÞ1

zr1r¹
1
1
1"x0n0¦x1n1# "03#

where
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Ka �
0

1p"r0−r1#S11

AÞi � S01−riS11

r¹i �X"x0−j0#1¦
"x1−j1#1

ri

u¹ i � tan−0 $
"x1−j1#

zri"x0−j0#% "i � 0\ 1#

Mi � zri"x0−j0#n1−
0

zri

"x1−j1#n0

and the values of ri are determined from the following equations

r0¦r1 �
"1S01¦S55#

S11

r0r1 �
S00

S11

"04#

In the present study\ the numerical values of ri\ for i � 0 and 1\ are assumed to be real and positive[

1[3[ Discretization of the boundary

Upon dividing the boundary regions into M quadratic elements in eqn "8#\ each element has
three nodes with two end nodes joined to adjacent elements[ Each node of any element has two
displacement components and two traction components[ Considering the geometric compatibility\
we used only two displacement components for each of end nodes joined to adjacent elements
while four traction components are required to describe the force states at these end nodes[ From
eqn "8# we can relate the displacement vector of a nodal point p in terms of tractions or dis!
placements at all "1M# nodal points on the boundary regions as

0
1

"up# � s
M

q�0 $gSq

HpqN dS% "tq#− s
M

q�0 $gSq

FpqN dS%"uq# "p � 0\ 1\ [ [ [ \ 1M# "05#

where N is the shape function[ Equation "05# can be represented by the simple matrix equation as
follows ]

ðFŁ"u# � ðHŁ"t# "06#

in which "up# has been merged into "u#\ ðFŁ and ðHŁ are 3M×3M and 3M×5M matrices\
respectively\ "u# and "t# have the dimensions of 3M×0 and 5M×0\ respectively[ Using the 3M
boundary conditions\ which are either in tractions or displacements at all 1M nodes on the
boundary elements\ eqn "06# can be rewritten in the following form ]

ðAŁ"X# � ðBŁ"Y# "07#
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Fig[ 1[ Boundary element model for the pin!loaded laminates[

where ðAŁ is a 3M×3M matrix and "X# contains the 3M unknown traction and displacement
components\ ðBŁ is a 3M×5M matrix\ and "Y# contains the given 5M boundary quantities[

1[4[ Boundary conditions and computation al`orithm

Because of the symmetry of the geometry\ material properties\ and loading\ one half
"9 ¾ y ¾ W:1# of plate is modeled with boundary elements as shown in Fig[ 1[ The given boundary
conditions of the modeled half plate are as follows ]

Along the edge x � −L¦d0 "for 9 ¾ y ¾ W:1# ] ux � 9 and ty � 9 "08#

Along the boundary y � 9 "for −L¦d0 ¾ x ¾ −R and R ¾ x ¾ d0# ]

uy � 9 and tx � 9 "19#

Along the edges x � d0 "for 9 ¾ y ¾ W:1# ^ and y � W:1"for −L¦d0 ¾ x ¾ d0# ]

tx � 9 and ty � 9 "10#

Along the non!contact hole edge "a ¾ f ¾ 1p−a# ] sr � trf � 9 "11#

In addition\ eqns "0a# and "0b# are used for the no!slip contact region around the hole\ and eqns "1a#
and "1b# are employed for the slip contact region[ To accommodate the computation algorithm\ we
rewrite the eqn "1b# based on the relations ]
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sr � tx cos f¦ty sin f\ trf � −tx sin f¦ty cos f "12#

in the following form ]

ty �
"0¦m1# sin f cos f¦m

cos1 f−m1 sin1 f
tx\ "−a ³ f ¾ −b and b ¾ f ³ a# "13#

The computation algorithm used for determining the contact angle and stresses along the contact
surface of the hole edge is stated as follows ]

Step 0[ Input data including material properties\ geometrical dimensions\ friction coe.cient m\
clearance e\ and pin displacement d[

Step 1[ Assign values of angles a and b[
Step 2[ Calculate the traction tx\ ty and displacement ux\ uy of nodal point on the boundary

elements[
Step 3[ Determine the angle f of contact region for the nodal point along the hole edge[
Step 4[ Calculate the stresses sr and trf around the contact region of the hole according to eqns

"12# and "13#[
Step 5[ Use the computed values of sr and trf to check as to whether or not the force conditions

of eqn "1b# for the angle b and of eqn "11# for the angle a are satis_ed[
Step 6[ Repeat steps 1Ð6 until a convergent solution is obtained[

2[ Numerical results and discussions

To investigate the validity of the present method and e}ects of applied load or pin displacement\
hole size and clearance on the contact angle and stresses around the contact region of the pin!loaded
laminates\ several examples are presented for illustrative purposes[ For the sake of convenience in
comparing with available results given in literature\ the material properties of composites in all
examples are chosen to be E00 � 035[646 GPa "10[2 Msi#\ E11 � 09[7751 GPa "0[47 Msi#\
G01 � 5[3966 GPa "19[82 Msi#\ n01 � 9[27[ Three types of lamination 9>\ "9>1:234>#s\ and 89> as
being selected by Hyer and Klang "0874# are considered[ All of these laminates belong to the plane
elasticity problems of a specially orthotropic laminate obeying the constitutive eqn "00#[ The
geometrical dimensions of composite laminate are L � W � 143 mm\ d0 � W:1 � 016 mm\
H � 4[97 mm ^ and the value of m � 9[1 for the coe.cient of static friction between the pin and
hole edge used by Hyer and Klang "0874# is selected for comparing the results[ All stresses are
non!dimensionalized with respect to the mean stress S as being used by Hyer and Klang "0874#\

S �
P

DH
"14#

where D � 1R\ and H is the thickness of the plate[
To check the convergence and accuracy of the present boundary element model\ two models of

boundary element mesh as shown in Fig[ 1 have been used[ Model "a# has a total number of 32
boundary elements "with _ve elements meshed in the contact hole region#\ and model "b# has a
total number of 37 boundary elements "with 09 elements meshed in the contact hole region#[
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Fig[ 2[ Stresses around the pin!loaded hole in a 9> composite laminate with d � 9[203 mm "S � 9[30 GPa# and e � 9[016
mm[

Results using model "a# and model "b# for stresses around the pin!loaded hole in a 9> composite
laminate are displayed in Fig[ 2 which shows no signi_cant discrepancies between these two results[
For higher accuracy\ results obtained by using model "b# are presented throughout all examples[

For comparison between the present results and the data given by Hyer and Klang "0874#\
stresses around the pin!loaded hole are determined for the 9>\ "9>1:234>#s\ and 89> composite
laminates with pin radius a � 01[462 mm\ hole radius R � 01[6 mm\ pin displacement d � 9[203
mm\ and e�9[016 mm as used by Hyer and Klang "0874#[ These comparisons are shown in Figs 4Ð
6[ Present results show a similar trend to those in Hyer and Klang[ The shearing stress trf:S shows
better agreements while some discrepancies appear for sr:S\ and especially\ signi_cant di}erences
appear for contact angles[ The angles "1a# of contact region for these three laminates given by
Hyer and Klang have the same value of about a � 63>\ but are di}erent in the present analysis at
about 00[4\ 05[1\ and 12[9) less from 63> for 9>\ "9>1:234>#s\ and 89> laminates\ respectively[ The
major contribution to the discrepancies may be due to the di}erence in the continuity condition
used for the contact region for which ac � Rf is used in the present study while c � f is considered
in Hyer and Klang[ In the present analysis using the relation ac � Rf "R × a#\ e}ects of clearance
e and deformation along the contact hole!edge have been considered[ It is shown by later examples
that the e}ect of clearance reduces the contact angle and increases the stress sr along the center
region of contact edge as the clearance e increases[ Also\ when a load is applied from the pin to
laminate\ the hole!edge will deform to _t the rigid pin with an arc length of the contact hole region
equal to that on the rigid pin\ so the angle f with respect to the hole center is smaller than the
corresponding angle c with respect to the pin center[ The e}ect of deformation on the contact
angle and stress distribution will be more signi_cant for laminate with lower sti}ness in the
direction of loading as shown in Figs 3Ð5\ where the most discrepancy between the present result



C[!C[ Lin\ C[!H[ Lin : International Journal of Solids and Structures 25 "0888# 652Ð672663

Fig[ 3[ Stresses around the pin!loaded hole in a 9> composite laminate with d � 9[203 mm "S � 9[30 GPa# and e � 9[016
mm[

Fig[ 4[ Stresses around the pin!loaded hole in a "9>1:234>#s composite laminate with d � 9[203 mm "S � 9[32 GPa# and
e � 9[016 mm[
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Fig[ 5[ Stresses around the pin!loaded hole in a 89> composite laminate with d � 9[203 mm "S � 9[0 GPa# and e � 9[016
mm[

Fig[ 6[ Stresses around the pin!loaded hole in composite laminate of 9>\ "9>1:234>#s\ and 89> with d � 9[4 mm and
e � 9[016 mm[
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Fig[ 7[ E}ect of pin!loaded displacement on stresses around the hole in a 9> composite laminate "e � 9[016 mm#[

and Hyer and Klang "0874# appears for the 89> laminate[ Present results re~ect all the above facts\
therefore\ the present analysis using the relation ac � Rf is believed to be more reasonable[ The
analysis using the relation c � f in the work by Hyer and Klang "0874# does not re~ect the e}ects
of clearance and hole edge deformation on the contact angle and stress distribution[

Next\ we investigate the stress distributions around the pin!loaded hole under a load producing
a deformation d � 9[4 mm for three di}erent composite laminates having 9>\ "9>1:234>#s\ and 89>
stacking sequences[ The pin radius is a � 01[462 mm and the hole radius R � 01[6 mm[ The stress
distributions along the hole!edge are shown in Fig[ 6[ For sr:S\ the trend for 9> and "9>1:234>#s

are similar for which the magnitude increases along the no!slip region from the center at f � 9>
to the peak at about f � 09>\ and decreases along the slip region to zero at the end of contact
surface[ On the other hand\ the magnitude of sr:S for 89> laminate _rst decreases slightly and
gradually increases to its peak near the edge of the contact region as f increases[ Values of sr:S
are about the same for all three laminates at about f � 29>[ For trf:S\ the peak values occur near
the center at about f � 09> for 9> and "9>1:234>#s laminates\ the variation for 89> laminate is
nearly uniform[ Again\ curves cross near f � 29>[ While the 9> laminate exhibits the largest contact
angle\ the 89> laminate has the smallest[ Values for b identifying the range of no!slip zones are 4>\
4[2> and 5> for 9>\ "9>1:234>#s\ and 89> laminates\ respectively[

To investigate the in~uence of pin displacement d due to hole deformation on the stresses\ two
di}erent composite laminates of 9> and "9>1:234>#s with various values of d � 9[2\ 9[4\ 0[9 and 1[9
mm are considered[ The pin radius a � 01[462 mm\ hole radius R � 01[6 mm are used[ The e}ect
of pin displacement d on the stresses is shown in Figs 7 and 8[ As expected the contact angle
increases as the pin displacement increases[ Variations of sr:S and trf:S are essentially the same
for all three laminates[ The peak value of these nondimensionalized stresses occur near the center
of the contact zones at about f � 09> which is the point in between the slip and no!slip region[
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Fig[ 8[ E}ect of pin!loaded displacement on stresses around the hole in a "9>1:234>#s composite laminate with e � 9[016
mm[

The peak values increases as d decreases[ Curves corresponding to di}erent values of d cross at
about f � 39>[

Figures 09 and 00 illustrates the e}ect of pin:hole clearance on the hole!edge stresses[ Two
di}erent composite laminates of 9> and "9>1:234>#s with various pin:hole clearances of e � 9[90\
9[94 and 9[09 mm are considered[ The hole radius is R � 01[6 mm\ under a pin displacement
d � 9[203 mm[ Obviously\ the contact angle decreases as the clearance increases[ The radial stress
sr:S increases as the clearance increases for the angle f less than about 39> for 9> lamination\ and
34> for "9>1:234>#s lamination[ The stress sr:S then decreases for larger values of f[ The stress
trf:S increases "along the no!slip region# from zero at f � 9> to the peak value at about f � 09>
for all cases[

Figures 01 and 02 illustrates the e}ects of geometrical dimensions on the stress distribution[
Two di}erent composite laminates of 9> and "9>1:234>#s with various hole sizes of L:D � 4\ 09\
19\ and 49 are investigated[ The pin:hole clearance e � 9[016 mm and applied force produces a
pin displacement d � 9[203 mm are considered[ The stress sr:S increases as L:D increases before
the angle f � 06> and f � 22> in the contact zone for 9> and "9>1:234>#s lamination\ respectively[
The stress sr:S increases as L:D decreases for larger values of f[ The stresses trf:S along the polar
angle f increases on no!slip region to the peak value at about f � 5>[

Finally\ we investigate the e}ects of pin displacement d\ pin:hole clearance e and hole size L:D
on the contact angle[ Results for two di}erent composite laminates of 9> and "9>1:234>#s with
various pin displacements are shown in Fig[ 03[ The contact angle increases rapidly when the pin
displacement increases from d � 9[0Ð9[4 mm and then gradually increases to a contact value
a � 72[4> for 9> lamination\ and to 70[4> for "9>1:234>#s lamination when pin displacement reaches
to d � 1[9 mm[ Figure 04 shows the e}ect of pin:hole clearance e[ The contact angle decreases
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Fig[ 09[ E}ect of pin!loaded clearance on stresses around the hole in a 9> composite laminate with d � 9[203 mm
"S � 9[30 GPa#[

Fig[ 00[ E}ect of pin!loaded clearance on stresses around the hole in a "9>1:234>#s composite laminate with d � 9[203
mm "S � 9[33 GPa#[
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Fig[ 01[ E}ect of hole size L:D on stresses around the hole in a 9> composite laminate with d � 9[203 mm and e � 9[016
mm[

Fig[ 02[ E}ect of hole size L:D on stresses around the hole in a "9>1:234>#s composite laminate with d � 9[203 mm and
e � 9[016 mm[
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Fig[ 03[ E}ect of pin!loaded displacement on contact angle with e � 9[016 mm[

Fig[ 04[ E}ect of pin!loaded clearance on contact angle with d � 9[203 mm[
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Fig[ 05[ E}ect of hole size L:D on contact angle with d � 9[203 mm and e � 9[016 mm[

rapidly from a � 75> to a � 27> for 9> lamination\ and to 25> for "9>1:234>#s laminate as e increases
from 9[0Ð9[4 mm[ Figure 05 shows the e}ect of L:D[ It shows that the contact angle is greater for
larger pin:hole and reduces to a constant value as the pin:hole size is very small in comparison
with the plate dimensions[

It is noted that many curves presented do not seem to be smooth enough[ This is because only
one element mesh is used for no!slip contact region\ at about 9Ð09> for most examples in the
boundary element model as shown in Fig[ 1 used for the computations[

The computing time used on a personal computer "375DX1!55# for each case discussed above
is recorded at about one minute[

3[ Conclusions

An analysis method for determining the contact angle and stress distribution around the pin!
loaded hole in _nite composite laminates has been established by employing a two!dimensional
direct boundary element method based on the proposed geometrical compatibility and force
constraint conditions in contact region[ In describing the geometrical compatibility\ we have
proposed the relation ac � Rf to identify the corresponding points of hole!edge before and after
deformation for the _rm contact between the pin and hole edge[ This proposed relation\ di}erent
from previous works given by other investigators\ has re~ected the e}ects of pin:hole clearance
and loaded hole deformation on the contact angle and stress distribution[ Various examples
concerned with the e}ects of pin:hole clearance\ pin load or displacement\ hole size\ and lamination
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type on the contact angle and stress distribution have been investigated[ From the results obtained
for these examples\ some conclusions can be made as follows ]

"0# The present analysis using the relation ac � Rf re~ects more realistically than c � f assump!
tion the e}ects of pin:hole clearance and loaded!hole deformation on the contact angle and
stress distribution\ and the results are reasonable[

"1# The e}ect of clearance reduces the contact angle and increases the stress near the center contact
region as the clearance increases[

"2# The e}ect of the use of ac � Rf relation vs c � f assumption on the contact angle and stress
distribution is more signi_cant for laminate with lower sti}ness in the direction of loading[
Values computed on the basis of present relation is smaller for contact angle and higher for
stress in comparison with results computed using c � f assumption for a given pin!loaded
laminate[

"3# In the present analysis\ results show that a larger pin displacement d and:or smaller clearance
e and:or greater pin:hole size L:D produces a larger contact region\ and the contact angle and
stress distribution depend on the type of laminates[

"4# The present study is limited to symmetrically stacked orthotropic laminates loaded by rigid
pin\ and plane stress state is considered[

"5# For more accurate stress distribution in the no!slip contact region\ more elements meshed for
this region are needed[

"6# The present method requiring minimal computational e}orts is e}ective and e.cient[
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